In a superconducting qubit the lifetime of qubit state is restricted by nonequilibrium quasiparticle tunneling. We calculate the rate of these tunnelings using the nonequilibrium effects they induce on the condensate chemical potential of leads and islands. We show that by decreasing temperature below a crossover, the quasiparticle relaxation rate changes from exponential to much slower suppression and saturates to a finite value at zero temperature. This prediction is consistent with recent experiments. Our model also indicates a striking modification to qubit transitions: the matrix element of an energy transition in qubit strongly depends on coupling between tunneling quasiparticles and the environment. This features important fabrication hints to improve quantum state efficiency.
In a superconducting qubit the lifetime of qubit state is restricted by nonequilibrium quasiparticle tunneling. We calculate the rate of these tunnelings using the nonequilibrium effects they induce on the condensate chemical potential of leads and islands. We show that by decreasing temperature below a crossover, the quasiparticle relaxation rate changes from exponential to much slower suppression and saturates to a finite value at zero temperature. This prediction is consistent with recent experiments. Our model also indicates a striking modification to qubit transitions: the matrix element of an energy transition in qubit strongly depends on coupling between tunneling quasiparticles and the environment. This features important fabrication hints to improve quantum state efficiency. Superconducting integrated devices are among the leading candidate for quantum information processing with meticulous state control [1, 2] . Their primary challenge for quantum computation is their fragile quantum states that make them vulnerable to various types of decoherence mechanisms. The nature of some of these mechanisms are yet to be understood [3] [4] [5] . Experiments on superconducting quantum circuits have shown the energy relaxation time reaches a saturation at about 1-10 µs and may not be further enhanced by lowering temperature [6] [7] [8] . At low temperature although equilibrium quasiparticles are depleted yet a density of nonequilibrium quasiparticles (NQP) may tunnel in and out from superconductors. The lack of coherent time enhancement is a consequence of tunneling of these excess quasiparticles. They make the qubit energy levels and corresponding states vary stochastically in time, thus degrades computational performance [9] [10] [11] [12] [13] .
Experiments have shown the density of excess quasiparticles depends on fabrication and observed in the range of 0.1-100/µm 3 [14] [15] [16] . Martinis et.al. in Ref. [17 and 18] formulated this phenomenon by Fermi's golden rule in a special case of large capacity junction and numerically determined the tunneling rate in the framework of nonequilibrium thermodynamics. In Refs. [11] [12] [13] the qubit part of the tunneling rate was generalized to cover junctions of arbitrary macroscopic phase; however, the tunnelings are restricted only to lowest-lying energy states.
An equilibrium analysis [12] shows that by decreasing temperature the rate of quasiparticles tunneling exponentially suppresses such that a few milliKelvins cooling at low temperature results in an effective blockade. In experiment such a blockade has not been seen, instead the relaxation rate was seen to slowly vary at low temperature [15] [16] [17] . This indicates that the quasiparticle tunnelling process can have a nonequilibrium nature. In Ref. [19] we extended the theory treat the coupling between the quasiparticle channel and the environment nonperturbatively, hence permitting strong coupling between these two subsystems. If, as is the case for qubits, the environment largely consists of the LC-mode of the junction, this corresponds to multi-quantum transitions between its eigenstates.
Upon entry of a quasiparticle the parity of the superconducting state is altered from even (in the lack of unpaired particle) to odd [20] [21] [22] . This change of parity bring the condensate out of equilibrium, where the energy distribution is no longer the Fermi-Dirac function. In order to determine the energy distribution one approach is to take advantage of the quadratic dependence of recombination rate on quasiparticle density. A numerical analysis shows the tunneling rate calculated from such an energy distribution captures the experimental features of temperature dependence of the rate, however the derivation requires numerical efforts [17] .
Here we consider the charge imbalance effect [23] [24] [25] that a superposition of quasi-electrons and holes, when tunnels, may induce on a superconducting region. Using these nonequilibrium effects, we calculate the tunneling rate. Our model shows that by cooling down the superconductor the tunneling rate from an exponential suppression turns into a much slower variation and approaches a finite value at zero temperature. This behavior has been observed for the rate in recent experiments [15] [16] [17] . Our nonequilibrium analysis determines the crossover temperature scales with the density of excess quasiparticles. Another consequence of this nonequilibrium analysis is to understand the tunneling matrix elements of a superconducting qubit crucially depends on the coupling between the excess quasiparticle and environment. This dependence even for low-lying quasiparticles is not negligible and that only for qubits with negligible superconducting phase fluctuations can be approximated to the well-known sin 2φ /2 matrix. This may modify, alter, or obviate the qubit transitions such that a forbidden transition in one qubit can become allowed in another one with different phase fluctuations.
In a superconductor adding an electron-like excitation above the Fermi momentum (i.e. k > k F ) or a hole-like excitation below it (k < k F ) will bring the superconducting region out of equilibrium. A Gedanken experiment may help to understand why the region goes out of equilibrium [26] . Consider two identical superconducting islands placed near each other, each in parity odd state. Without loss of generality we consider each state carries a single excess quasiparticle. Once a contact between them is made, the two excess quasiparticles are recombined after exchanging phonons and relax to the condensate state such that in the overall island there remained no unpaired quasiparticle. This signals that the initial odd state is not a true thermodynamic equilibrium state because if so, after the contact is made the final system would have preferred to maintain the initial state of its subsystems.
Let us now consider an electron (or hole) of mass m and momentum k has the kinetic energy ξ k = 2 | k| 2 /2m − µ s from the condensate chemical potential µ s . In superconductors the quasiparticle excitations are positive energy levels at E k = ξ 2 k + ∆ 2 . Based on the BCS theory the occupation probability of the cooper pair state
and similarly its emptiness probability u
, where e is the elementary charge unit, the sum is over momentum states k above and below k F , and the factor 2 indicates the spin degeneracy. The function f k is the occupation probability of state k. This function in the thermal equilibrium is the Fermi-Dirac function f 0 k . In the definition of q, the summand represent the occupation probability of the electron state k. The first term is the probability that in the lack of cooper pairs in the state (− k, k) a quasi-electron occupies k. The second term is the probability that in the presence of the pair state (− k, k) the quasiparticle state − k is empty of quasiparticle. The charge q can be rewritten in the form of a summation q = q s +p for the definitions of superfluid charge q s = 2e k v 2 k , and quasiparticle charge:
(
In equilibrium the energy distribution function (i.e. f 0 k ) is an even function since the occupation probability for the states k and − k are equivalent; i.e. f
is the charge imbalance per unit volume. This imbalance is maximally +e at ξ ∆ and by decreasing momentum it is suppressed to zero at k F , turns into negative values for k < k F , and finally reaches −e at ξ k −∆. A zero effective quasiparticle charge expected with even occupation probability functions, thus in equilibrium the total electronic charge is restricted to that of superfluid. This explaines why equilibrium quasiparticle tunneling are depleted from superconductors as they are electronically neutral. However, in nonequilibrium quasiparticles the energy distribution function (f k ) may carry an odd term whose contribution may give rise to a nonzero charge imbalance (q qp = 0). Let us indicate that the total charge is suppressed by Coulomb interactions, which implies that any change to the quasiparticle charge are accompanied by equal and opposite change in the pair charge [27] . An injected current in a tunnel junction between a normal metal, held at bias voltage V , and a nonequilibrium superconductor is given by the sum of the usual Giaever tunnel current I(V ) and a bias-independent extra current that carries the contribution of charge imbalance in the form of
This current is a physical quantity and therefore indicates that the charge imbalance nonequilibrium effects lead to a measurable steady-state voltage, (for details see [23, 24] ).
In quantum information processing devices the concerns about the noises forces to put the qubits at the temperature less than 1/10 of the superconducting critical temperature. Parker in [28] showed that at such a low temperature the recombination time takes longer than the equilibrium thermalization. This recombination time in superconducting qubits has been measured to be of the order of milliseconds, which is longer than the thermal relaxation time by at least two orders of magnitude. This poses a bottleneck causing a rise in the number of nonequilibrium quasiparticles in the superconductor. Charge neutrality ensures that the charge imbalance induced by these quasiparticles is compensated by suppressing the superfluid charge q s . This is in fact the reason the charge imbalance does not dramatically affect the macroscopic quantum dynamics of the junction. The decrease of superfluid charge implies the suppression of chemical potential of superfluid from µ s to µ s − δµ s [29] . Consequently after the entry of a quasiparticle into superconducting leads and islands their chemical potentials decreases.
For superconducting state under the influence of external dynamic pair breaking, one can look at the unpaired quasiparticles as Fermi gas in equilibrium and approximate its nonequilibrium occupation probability by f 0 ( , µ − δµ) [26, [29] [30] [31] . This function was previously used in the literature, for instance to determine the experimental tunnelling rates of elastic and nonelastic excess quasiparticles between two unentangled cooper-pair boxes [15] . Similarly, Palmer et.al. in [32] used this nonequilibrium function and described to a surprising accuracy in the differences between odd and even state plateaus in the Coulomb blockade staircase of a charge qubit.
Let us consider a density of equilibrium and nonequilibrium in a region of superconductor. As discussed above, only the nonequilibrium density n nqp contributes to the chemical potential nonequilibrium. By definition, the number of nonequilibrium ones in a volume V can be written as 
2 . Note that n nqp /∆D(E f ) is the ratio of excess quasiparticle per cooper pair in the superconducting region, which is fabrication-dependent. In a device with more excess quasiparticles tunneling the device enters the nonequilibrium regime at higher temperature. Let us immediately check the relevance of this prediction by plugging in typical parameters for qubits. In Ref. [15] a quasiparticle density of 10/µm 3 was experimentally measured in charge qubits. For aluminum superconductor that is typically used, we have ∆/k B = 2.1K and ∆D(E f ) = 2.8×10 6 /µm 3 . This yields the onset temperature at 0.16K, which is experimentally the temperature below which the tunneling rate becomes deviated from the exponential decay of equilibrium in experiment (see Fig. 2b in Ref. [17] ). As a result, once the onset temperature is known it helps to estimate the density of excess quasiparticles n nqp in a superconducting qubit.
Nonequilibrium quasiparticles when tunnel in and out of a superconductor, their induced chargep may couple them to the environment. As described in Fig. (1a) the change of parity in the superconductor from even to odd state yields decay or absorption of energy exchanged between qubit and the Fermi gas of quasiparticles. The environmental coupling of tunneling quasiparticles coupling induces fluctuations in the superconducting devices. In qubits with macroscopic superconducting phase ϕ this causes the phase to fluctuate φ(t) = ϕ + δφ(t). The effect of these fluctuations on the tunneling process has been studied in weak coupling [17, 18] and strong coupling limits [19] . The cooper pair phase fluctuation δφ(t) is defined through the noise δV (t) of voltage across the junction δφ(t)/2 = (e/ ) t 0 dt δV (t ), where the phase in this paper is the conjugate to the Cooper pair charge q s .
Using the standard methods in the environmental P(E) theory, the noise power of phase fluctuation, i.e. S(t) = δφ(t)δφ(0) , can be determined from the fluctuationdissipation theorem the way how it describes JohnsonNyquist noise [33] . The quasiparticle channel is assumed to be in parallel to supercurrent, junction capacitance, and an external impedance channels. The noise from the resistor gets shunted through the Josephson junction at low frequencies therefore the electromagnetic environmental effects can be encoded in the transmission of quasiparticle channel. Considering a qubit junction with high quality factor, the effective impedance of the junction is restricted to the absorption and emission of a single mode ω p , i.e. Z eff = π/2C[δ(ω −ω p )+δ(ω +ω p )]. The junction plasma frequency is ω p = 2πI c /CΦ 0 where I c is the critical current and C the papacitance of the junction and Φ 0 is the quantum of flux Φ 0 ≈ 2.07 × 10 −15 Wb. Let us introduce the dimensionless parameter wave impedance ρ c = 4πZ 0 /R K where Z 0 = Φ 0 /2πI c C and the electronic resistance quantum R K = /e 2 = 25.8kΩ. Note that in this definition the cooper pair quantum resistance (i.e. R K /4) was considered, which makes it 4 times bigger than ρ definition in Ref. [33] . We encode the difference in the subindex "c". The vacuum fluctuations of the condensate is controlled by its corresponding wave impedance, i.e. S(0) = ρ c . The phase in our analysis is conjugate to the cooper pair charge, thus in our derivation of tunneling rate from Fermi's golden rule [19] the phase fluctuations appears in the form of S/4; (for details see Appendix B). From the above definitions one can drive ρ c = E c /2E J , for the cooper pair charging energy E c , and the junction energy E J . From Fermi's golden rule one can derive the tunneling rate for any strength of environmental effects and the broader energy range enforced by the multi-boson transitions [19] . For a typical superconducting qubit with arbitrary coupling and bias phase, this results into the rate of eq. (B8) in Appendix B. This can be simplified in the case of a phase qubit with large capacitance, where the phase is localized around its bias value at zero:
where we defined ξ = E if /2k B T and the cofactor
The function K n (x) is the Modified Bessel function of the second kind.
Neglecting nonequilibrium effect in the chemical potential makes the corresponding rate to scale with temperature as exp (−∆/k B T ) √ k B T . At low temperature the equilibrium tunneling rate is heavily suppressed and effectively blocked. However, our nonequilibrium results indicate not only an enhanced rate at low temperature, but also a finite nonequilibrium quasiparticle relaxation time at zero temperature, which are consistent with experiments [6] [7] [8] [15] [16] [17] . For a transmon, E J /E c ≈ 30 and for a flux qubit ≈ 50 the correction from phase fluctuations are large enough to be visible in deformation of the quasiparticle rate function.
Let us now consider a rather more general case of tunneling nonequilibrium quasiparticles in a qubit of bias phase ϕ. In the limit of E if k b T , from from eq. (B8) one can determines the NQP tunneling rate in a typical superconductor qubit: The energy profile at a junction between a large reservoir (lead) and a small island. The even to odd transition rate Γeo and the opposite one are depicted by arrows from their corresponding initial to final states. Large transition energy makes the even to odd transitions much more frequent than opposite. (c) Temperature dependence of NQP relaxation time. The superconducting energy gap is ∆ = 2.1K, normal junction resistance R = 10KΩ, the nonequilibrium quasiparticle density nnqp = 0.1/µm 3 , and the density of states D(E f ) = 10 6 /µm 3 K. The junction is coupled to environment in the range of ρ = 0.02 to 0.2 with steps of 0.02 from top to bottom, respectively; here ρ := ρc/4. The highest curve corresponds to EJ ≈ 75Ec and the lowest one to EJ ≈ Ec. Insets: (upper) Temperature dependence of NQP relaxation rate, from nonequilibrium analysis (solid) compared to that in equilibrium (dashed), where the upper curves is for ρ = 0.01 and the lower ones for 0.4; (lower) the slope of NQP relaxation rate as a function of temperature and the environment coupling ρ limits, Positive rate slope below the curve ρ * c and negative slop above it.
J . This indicates that in typical superconducting qubits the tunneling matrix element of computational qubit is determined by the operator 1 − η cosφ and is not separable from the quasiparticle contributions. Only in qubits with negligible phase fluctuations (i.e. E J E c ) one can retrieve the well-known sin 2 (φ/2) tunneling matrix elements, similar to Refs. [11] [12] [13] ; however note that even in this case due to the consideration of nonequilibrium occupation probability in our analysis the quasiparticle amplitude is different.
In a qubit of large capacitance and transition energy (i.e. E if k B T ) the temperature dependence of nonequilibrium quasiparticle relaxation time can be directly determined from eq. (3), i.e.
At zero temperature this relaxation time shows to be finite and fabrication-dependent as it scales as T nqp ∼ (1/n nqp E if E c /∆E J ) exp E c /8E J . From this one can expect in a device with poor shielding against the quasiparticle poisoning the relaxation time suppresses. Moreover, in a flux qubit of E J /E c ≈ 50 has a relaxation time almost three times longer than that in a quantronioum qubit of E J /E c ≈ 5, and almost the double of that in a transmon, making qubits with larger E c /E J less sensitive to the tunneling of excess quasiparticles. Note also that in qubits with smaller qubit transition energy decreasing temperature makes the tunneling process remarkably slower.
Figure (1c) displays temperature dependence of quasiparticle relaxation times from eq. (3) in a qubit with large capacitance. The junction parameters indicated in the caption are for typical superconducting qubits. Here we assumed the allowed parity changing transition frequency is 1 GHz and the environmental phase fluctuations are in the range of E J ≈ 75E c to E J ≈ E c in equal steps from top to bottom, respectively. By decreasing temperature below the onset temperature at 0.16K, the relaxation time gives up its exponential increase and turn into a regime with much slower increase. This precludes reaching the millisecond timescale observed in experiments. In qubits with weak coupling to environment ρ c the slope of relaxation time is negative, making slower tunnelings by decreasing temperature. However, in junctions with smaller capacitance and consequently larger phase fluctuations, the slope turns to positive after passing a maximum time. Both of these cases are consistent with experiment [16, 17] . There is a crossover environmental coupling ρ * c (T ) below which the relaxation time slope is positive and above which negative. At zero temperature the critical coupling is ρ * c (0) = (∆/6E if − 1/8) −1 , (see Appendix C and eq. (C1) for finite temperature result).
In conclusion, we developed a theory for the tunneling of nonequilibrium quasiparticles across a superconducting junction using the chemical potential disequilibration that quasiparticle charge imbalance induces on superconductor. We calculated the transition rate for arbitrary bias phase and phase fluctuations and showed at low temperature the rate is enhances by some orders of magnitude compared to thermal equilibrium. The onset temperature for nonequilbrium effects can be used to estimate the density of excess quasiparticles tunnel-ing. Moreover, a finite energy relaxation time is predicted from this model. Predictions of this model are in reasonable agreement based on a prior experimental measurement and lead to further analysis of the nonequilibrium quasiparticle tunnelings. Our model shows that the fluctuations of superconducting phase affect the qubit tunneling matrix elements to be 1 − η cosφ and this matrix only in the limit of negligible fluctuations is simplified to the well-known sin 2φ /2. This can dramatically modify the allowance and forbiddances of transitions in the qubit during a tunneling. With a good understanding of the physics going on in a superconducting qubit, more experiments can be performed to further improve the coherence of superconducting qubits.
In quantum information processors the cutoff of the Fermi functions are well below the edge of the gap, so
In Josephson junction with two reservoirs we assume the two chemical potential shifts are the same. If the junction is between a large lead and a small island the tunnel rates are dominated by the quasiparticle density in the leads, rather than in the island and here we assume the label 1 is assigned to the larger lead.
Taking the integrals of all terms and simplifying the rate after some steps of using calculus one can find the tunneling rate of nonequilibrium quasiparticle for arbitrary superconducting phase difference ϕ across the junction and parity transition energy E i f in a junction made of the same superconducting material: 
One limitation is to consider that the transition energy between the two parity states is of the order of the qubit energy. Therefore, in the limit of ξ = E if /2kT 1 given that E if /∆ 1, from eq. (B8) one can derive: 
In the low temperature limit and large superconducting gap, using eq (2) one can consider the fluctuation of phase is minimal and therefore it is of the orer of electromagnetic vacuum fluctuations. In this case we can substitute further simplify the tunnelling rate of eq. (B7) into:
Appendix C: Crossover coupling ρ * (T )
In order to find the condition for existence of the minimum tunneling rate at low temperature let us take a partial derivative from the tunnelling rate of eq. (3) with respect to the temperature. Simplifying the equation provides the corossover environmental fluctuations is
Note that the crossover ρ depends nontrivially on the superconducting phase. If one uses eq. (B8) the phase dependence of the minimum rate can be found.
